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COMPARATIVE ANALYSIS OF THE WORK OF BALL AND ROD MILLS ON THE
BASIS OF THE PROBABILISTIC MODEL OF GRINDING OF MATERIALS

Abstract: The purpose of work is to map by the probability theory of grinding of processes in a rod mill with adaptation to this process of
frequency, concentration, steric and activation factors. A comparative analysis of the grinding process in ball and rod mills based on the
probabilistic model was carried out, during which it was found out that it is preferable to use rod mills for grinding larger fractions. This is
achieved due to the advantage in the steric factor. For rod grinding in the whole range of grain sizes it exceeds that for ball grinding, due
to less screening of grains by a rod than by a ball. At the same time, the activation factor also has a similar superiority, although to a lesser
extent, which proves itself especially well for large fractions. The combined effect of steric and activation factors leads to the formation of
maxima in the area of millimeter fractions. This maximum is much higher for rod grinding than for ball grinding. Due to this, the process
of grinding by rods is theoretically much more efficient than ball grinding of large fractions, which practically corresponds to lower power
consumption. The calculations have shown that in the case of rod grinding, the distribution of fractions is more uniform, and this also
agrees with practical data. In rod grinding, as well as in ball grinding, a logarithmically normal distribution of fractions is formed as the
process proceeds, which is related to the unity of applicability of the integral grinding model to any variants of sequential destruction of
material. Due to consideration of all operating factors the received probabilistic model of rod grinding can be considered the most complete
and ready for practical use.
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Introduction. The waterfall mode, which creates
the necessary chaotization of the balls and grains col-

lisions to display by analogy with molecular kinetics, P L 3)
is realized in the operation of some rod mills [1,2], as ab p 3MmgD |’
well as in laboratory studies to prepare materials for RT 7
flotation. g

The general form of the probability equation of the  In these formulas @, — a ball diameter, M — a molec-
grinding speed remains unchanged [3, 4] ular mass of the milled body, kg/mole; m — a mass of

grinding body (ball), kg; E — activation energy of de-
dP struction of grains upon impact, J/mol; R — universal
B Z =ZE4PaPeones s~ M gas constant, J/(mol-K); T — the absolute temperature,
’ K; g — acceleration of gravity, m/s?; V- density of the
ground body (ore), kg/m?>.
Steric and activation factors counteract the effect
of the size of balls and grains on them: the value P
decreases as the size of the ball increases and the
grain size decreases, which is the screening effect of
this factor, which has the context of the probability
that the grinding body collides with the ground one;
on the contrary, the value P, increases with the same
change in the size of balls and grains, which deter-
mines the probability of grain destruction by the ball
— 44 ( d, — ) / dz, (2) upon collision. The.product of these .fac.:t(.)rs tgkes into
st,b b b account the opposite nature of their joint influence
on the grinding process, stipulating practically all the

where Z - a frequency factor, P, — a steric factor,
P, — an activation factor, P, , . = PngP a con-
centratlon factor (P, is volume fraction of balls,
P - volume fraction of ore grains, P— fractional con-
fent of the | j-th fraction).

However, formulas for steric (spatio-orientational)
and activation (destructive) factors, previously ob-
tained when balls are used as grinding bodies, require
adaptation to operation of rod mills.
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specifications of this process: its speed, energy effi-
ciency and product quality by fractional composition
[5]. It should be noted that the existing theoretical as-
pects of rod grinding have been developed only frag-
mentarily, without full consideration of all operating
factors [6-10].

Formula for the steric and activation factors
during rod grinding. The steric factor, as for ball
mills, should be based on the analysis of the ratio of
the fracture zone below the grinding body and the
general zone covered by the projection of this body
on the impact platform. To arrange the chaotic pic-
ture of falling of the grinding body on the grains, it
is assumed, also for the balls, grains of dj diameter
in a single layer are placed on this platform, with al-
lowance for the possible cramping of the grains by
the grinding body only for the height of the segment
equal to the diameter of the grains. For a rod mill,
in view of the uniform distribution of the monolayer
along the rod, it suffices to be restricted to consider-
ation to the cross-section of the rod. In this case, the
scheme of the grain destruction zone remains, also for
the ball (Figure 1).

d —rod diameter, d].— grain diameter, h — circle segment arrow
The grains are shaded in the zone of destruction, not shaded - in the “dead” zone

Figure 1 - Ratio of fracture zones and screening of grains in the
cross-section of a rod for a rod mill

However, the geometry of the destruction zone
will be described not by a spherical but by a flat seg-
ment, and the width of the cramping zone will be ex-
pressed by the formula for the chord a:

. — A2
a:2}¢¢ dz,

and the steric factor is described by the ratio:

“4)

2. |g.d —g?
, a * d;dy dj_
str g4 d,

®)

[

. N|I4dj (dr - dj]/dsa

where r-index refers to rod characteristics.
Comparing the formulas for the steric factor for

the ball load (2) and for the rod load (5), we find that

for an equal diameter of the ball and rod, the ratio P

and P_, turns out to be interrelated as

Pst.r: \,l"Psth (6)

and taking into account the fact that they are both
smaller than one, an inequality is obtained indicating
a relatively larger zone of cramping of grains by the
rod

Pst.-r > Pst.b ’ )

as it should be for a body with a larger specific sur-
face, which is a rod in comparison with a ball of equal
mass and equal diameter.

The particular “polymerity” (distribution over the
length) of the impact of collision of the rod and the
grain leads to a corresponding formula for the acti-
vation factor, different from that found for ball mills.
When a ball collides with a grain, the probability of
its destruction is determined by taking into account
the total mass of the ball, which is reflected in formula
(3). In the case of the rod shock load, an ideally or-
dered picture of contact with the grain should refer to
a uniformly filled monolayer of grains directly under
the rod, so that one grain will have a rod volume equal
to the volume of a horizontal cylinder of dj length and

with a surface area of its base wd? /4, which corre-
sponds to the partial mass of the rod (per one grain):

My = ?rdir,,djf-’-l- s (8)

where y — density of the rod material.

However, for comparison with the impact of the
entire mass of a ball on a grain, it is necessary to take
into account the mass of a rod that is within the vol-
ume occupied by the balls mixed with ore and water,
which fill the voids in the balls packing. With ordinary
packing, this corresponds to an elementary volume in
the form of a cube with a ball inscribed in it. In such a
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cube a part of the rod of length equal to the diameter
of the ball will be inscribed, provided d = d,.

In this case, the partial mass of the rod upon colli-
sion with the grain will be expressed as

m,; = nd3y, /4, ©)

]
Substituting this mass instead of the mass of a
grinding body in the general formula for the activa-

tion factor (3), we obtain its version with reference to
rod load:

E
P, =exp| - . 51 (10
RT +>M&DY, | d)

474 d.

J

To compare the activation factors for rod and ball
loads, it is also necessary for the latter of them to ex-
press the ball mass in terms of volume and density:

My, = ?rdg}*bff:

and substitute in (3):

E :
P,y =exp| - a 3 (1)
d
RT +M8D7b | Gp
27g |\ d,;

J

The second summand in the denominators of for-
mulas (10) and (11) is the collision energy, respective-
lyE, wE,  Theirratio, taking into account the same

im,r

density y and vy, equals to

E.
%:1’5(@/%)3'

im,b

(12)

8d (dy —d ; JvG G,

Consequently, the energy of collision with a rod at
d =d, is 1.5 times greater than for a ball.

Equality of collision energy, and hence of destruc-
tibility for the activation factor, is achieved according
to formula (12) with the correlation of the diameters
of balls and rods

dr 231/2/301[) 50,8701]), (13)

which indicates a higher efficiency of destruction
during rod grinding, primarily for large fractions,
since their initial content is always greater than that
of small ones, and the process in the sand circulation
mode takes only a few minutes, during which the
small fractions just begin to form.

In general, the ratio of the activation factors
P /P, will also depend on the remaining parameters
in the second summand of the denominator of the
fraction in the exponents (10) and (11), which can be
estimated only in model calculations.

Comparative analysis of grinding process in
ball and rod mills under model conditions. It was
shown before [3, 4] that the counteraction of the steric
and activation factors determines the extreme course
of the rate constant of grinding in ball mills

k}- = EFHFEPE,PE’ (14)

which together with a strict formula for the output

of fractions in time (Pn}- is the initial content of frac-
tions) reflects the complexity of the sequential con-
version of large fractions into small fractions with the
identification of all the features of the process

ir n-1 n—1 n e_ij
P,=F,e ™ +ZP0ij]z p .15
j=t H(ki_kj)( )
ji=1
i#]

Moreover, the integral form of the grinding model
(15) is unified for any kind of this process, and all
differences are concentrated only in the constant of
the process rate.

For ball mills this constant has the following form:

k',b ==
/ d§(1+2a)1/2D/gXGb/7b +Gy Vg +Gw/7w)27b7g

exp| — Ea s S > (16)
7 MeDyy | dp
2rg \ 4,



Complex Use of Mineral Resources. No. 2. 2017.

for rod mills:

4.Jd;\d; —d; oG, G,

ki, = exp
P a1+ 202D/ )G, /7: + Gy [74 + Gt /7w P 1eve

where Gb, Gr, Gg — respectively the total mass of
balls, rods and water in the mills, @ is mill rotation
frequency, s

First of all, it is appropriate to find out the
counteracting effect of the steric and activation
factors under the conditions of ball and rod grinding
with equal effect of concentration and frequency
factors, 1.e. at identical for both variants total masses
of grinding, grinding bodies and water in the mill, as
well as the frequency of its rotation, then, under the
same conditions, to calculate the output of the fraction
in time using the model (15).

For comparative analysis, first it is necessary to set
equal diameter of balls and rods, especially since in
practice their dimensions vary approximately in the
same range: for loaded balls it’s from 100-125 to 25-
30 mm, and for rods it’s from 125 to 40 mm [2.11].
In this case, the maximum size of the final crushed
product entering the grinding should not exceed 15-
20 mm for rod mills and 10-13 mm for ball mills.
This can limit the upper range of grain sizes in model
calculations.

As well as before [3, 4], the following typical
characteristics of the mill of the Zhezkazgan washing
plant 3.6 x 4.0: w = 0.267 s', G, = 60000 kg,
v, = 7874 kg/m®, G, = 18760 kg, v, = 2650 kg/m’,
D = 3.36 m. For quartz ore Msio, =0,0601 kg/mole,
E = AH = 9170 J/mole (by heat of fusion). Other
constants: T = 298 K; R = 8.31441 J/(mole-K);
g=9.807 m/s%.

Calculation formulas for steric and activation fac-
tors and their products in the general model conditions
of wet grinding (at G = 7500 kg, y_ = 1000 kg/m?)
will be expressed for a rod mill as

2
d; (d
P = S| L, 18
st,r dr [dr} ( )
U 9170 .
a” w717+ aa3d, jd p )

-1
E L S b
- : 3 (17)
RT + 3MEDY: | dr
47 \d;

d. (d. )\ 9170
PP,=2”] exp| — $ 20
(PsPa), d, [d, 2477,7+4413(d, /d; o

and for a ball mill as

2
d. (d,
Pst,b:4—j_(_JJ i
dp \dp

21)
9170
Fap =exp| - . (22)
2477,7+2,942(d,, /d ; ]
2
g
(PstPa)b =4 —J_(—]J B
d, \dp o)
9170
X exp| — g
2477,7+2,942(d, /d;

The calculation results for the total size of grind-
ing bodies d =d_ = 0.06 m are shown in Figure 2.

Py, Py, (PsiPa)
1

09 F
08 F
07
06
05 F
04 F
03 f
02
01 F

d,=d,=0.06 m

Figure 2 - Dependence of the steric (1, 4) and activation (2, 5)
factors, as well as their products (3, 6) on the average size of the
fractions for rod (1-3) and ball (4-6) grinding

From these data it follows that the steric factor
for rod grinding over the whole range of grain sizes
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exceeds that for ball grinding, least shielding the
grains from the direct hit of the grinding body. At
the same time, the activation factor has a similar
superiority, especially in the field of large fractions,
beginning with millimeters. The combined effect
of both factors leads to the formation of a maxi-
mum in the area of millimeter fractions, which is
much higher for rod grinding than for ball grinding
(0.342 against 0.134). In view of this, in general,
the process of grinding by rods is more effective, as
it corresponds to the data of practice (energy con-
sumption is less by 25 % [11]).

It was previously established that the maximum
of P_P_for ball grinding displays itself at the level
of 0.134 when using any ball sizes, and serves as a
kind of invariant of the maximum efficiency of this
process [7]. A similar invariant is found at a variation
in a diameter of rods, but at a higher level, equal to
0.342 (Figure 3).

04 1
(P sLP u)r
03 F

02 F

0,1 F

1 2 3 4

—lgd; (m) i
Curves 1-10 - for d_from 0.040 to 0.125 m

Figure 3 - Dependence of the combined effect of the steric and
activation factors P_P_ on the diameter of the rod d_and grains dj

In addition, as the diameter of the rod increases,
as the diameter of the ball does, the maximum shifts
toward larger fractions, but a much larger value of
P_P_falls to their share, which determines prefera-
bility of grinding such fractions by rods. Moreover,
their content in a relatively short grinding peri-
od remains dominant, preparatory for subsequent
grinding in ball mills.

More directly, a representation of the efficiency of
rod grinding of large grains can give the results of cal-
culation using the integral formula (15) with the rate
constant (17), which, taking into account the general
model conditions for wet grinding, will take the fol-
lowing form:

2
. d. .
kj, =8107-1072 _f_[_f] S y
d, \d, 477,71 +4413d,/d,F | (24)

and for ball grinding under the same conditions when
substituting them in (16):

k;, = 0,16214 [df (d" )2] ( 2179 )
iy = U, s g | i, exp - "
» d, \4, 24777 + 2,942(db/d].)3 §! (25)

Detailed calculations for comparable grinding
bodies of the same size showed that in the case of
rod grinding, distribution of the fractions is more
smooth with less significant maxima due to more ef-
ficient fracturing of all fractions. The absolute value
of the maximum is approximately 1.4 times smaller
than in the case of ball milling. In addition, during rod
grinding, this maximum is shifted towards smaller
fractions. Both features fully correspond to the prac-
tice data on a more uniform (less contrast) grinding
in rod mills [2, 11, 12]. This determines the greater
advisability of using ball mills in the mode of re-
turning sands in cycles of circulation, because of the
greater contrast of fractional composition in the initial
stage of grinding. However, the advantage in speed of
crushing the largest fractions determines preference
of rod mills.

For a direct comparison of the distribution of frac-
tions in the rod and ball grinding of the largest class
with d, = 0.02 m, we use the equality of the diame-
ters of both grinding bodies in two versions under the
accepted model conditions: at d = d, = 0.125 m and
d =d, = 0.04 mm. The results are shown in Figure 4.
P;

1

0 500 1000 1500 2000 2500 3000 3500

1-ford =d,=0.125m, 2 —ford =d, =0.04 m
lower curves 1 and 2 for rod grinding, upper curves for ball grinding

Figure 4 - Dependence of class content with
d, =0.02 m on grinding time

Here, when using rods, their obvious advantage is
revealed for crushing the largest fraction. This advan-
tage is especially accurately realized for large grind-
ing bodies with d = d, = 0.125 m, at which the differ-
ence in outputs of fractions reaches 20-25 % of abs.
For smaller grinding bodies with d = d = 0.04 m,
this difference becomes negligibly small, 1.0-1.5 %

9
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of abs. And taking into account the better contrast of
fractional composition in ball grinding, this variant of
the process becomes preferable.

It should be noted that the complete picture of the
change in fractional composition over time for rod
mills, as well as for ball mills, is accompanied by
gradual formation of a logarithmically normal distri-
bution of fractions by condition afj+1 = dj/2 (Figure 5).

P

Time of grinding, s: 1 - 60, 2 — 120, 3 — 180, 4 — 240,
5-600, 6 — 1200, 7 — 3600
Diameter of arod, m: a=0.04; b=0.125

Figure 5 - Dependence of fractional composition (Pj, unit fr.)
on the multiplicity of j and the time of grain grinding

Conclusions. The proposed probabilistic model of
rod grinding reflects adequately the real features of
this process and can be used for further development
and application.

A comparative analysis of grinding process in ball
and rod mills using a probabilistic model has con-
firmed the preference for rod grinding for larger frac-
tions due to the advantage of the steric factor due to
less screening of grains by a rod than by a ball. To a
somewhat lesser extent, this refers to the influence of
the activation factor, taking into account the addition-
al destructive load along the length of the rod. In view
of this, on the whole, the process of grinding by rods
is more effective in comparison with ball grinding of
large fractions, as it corresponds to the practice data,
which is characterized by smaller power consumption
by 25 %. At the same time, the calculated distribution

10

of fractions becomes more uniform (less contrast),
which is also a feature of rod grinding in comparison
with ball grinding [13].

In rod grinding, as well as in ball grinding, a loga-
rithmically normal distribution of fractions is formed as
the process proceeds, in view of submission of the same
integral model for the output of each fraction at any time.
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TYWIHQEME

XKyMbICTbIH MakcaTbl GenceHaipril, ctepukanbik, WOFBIPIbIK XaHe XUiNiKTik dhakTopnapablH ocbl ypAicke GenimaenyiMeH CbipbIKTb
AvipMeHAepae ycakTtay ypaicTepiHiH bIKTUManapblk TeopusicbiHbIH 6eriHeciHeH Typaapl. blkTmanablK ynri HerisiHAe Lwaprbl XaHe CbIPbIKTbI
avipMeHaepae ycakray ypaiciHe canbiCTbipManbl Tangaybl kacanbl, xaHeae Tangay acay 6apcbiHAa ChipbIKTbl AMipMEHAEPai YIKeH
hbpakumanapabl ycakray yiiH navianaHrad konaunbl ekeHi aHblkTanabl. Byn crepukanbik daktopga b6ackimabinblk ecebiHeH xeTeni.
Tyvipnepai wapaaH repi cbipblkneH akpaHAayablH a3 GonFaHabiFbiHaH, CbIPbIKTbI yCakTay YLWiH Ty/ipLuik enwemaepiHiy 6apnbik ava-
NO30HbIHAA Lapnbl ycakTay YLiH on odaH ackin Tycedi. Con mMe3eTTe GenceHaiprill ¢akTop Aan ocbiHAan GackiMabINbIKNEH epeKLle-
neHepi, TypacbiHAa BipHelle TeMeH aapexee, xaHeae on e3iH ipi pakumanap ylwiH kaTTbl kepcetedi. ChipbIKTbl XoHe 6encenaiprill
hakTopnapablH Giprnecin acep eTyi MUIMMETpPAiK dpakumanapabiH aiMarbiHaa MakcMMymaapablH KanbintacyblHa aKemnin coKTblipagbl.
Byn makcumyM LWapnbl ycakTayFa kaparaHZa CbIpbIKTbl yCakTay YLUiH ange kanga »orapbl. OcbifaH 6annaHbICTbl TEOPUANbIK TypFblaa
CbIpbIKTApMEH ycakTay ypaici ipi dppakumsinapgpbl Wapnbl ycakrayFa kaparaHga ange kauga TviMai 6onbin , xxeHe anekTpaHeprusiHbl a3
XyMcanyblHa can kenefi. Ecenteynep cbipblKTbl ycakTayaa dpakumusnapabl 6enin Tapaty GipkanbinTel 6onaTbiHbIH, XaHeae Taxipubenik
ManemeTTePMEH KenicineTiHiH kepceTTi. Lapnbl ycakray CusKTbI, CbIpbIKTbl YCakTayAa Aa YpAiCTiH eTy MyMKiHAir GonblHwa dpakuymns-
napAblH norapudmeTrkanbik 6enin TapaTbinybl Kanbintacagpl, XxaHe Ae 3aTTeKTepain Xyreni Oy3binybiHblH Ke3 KenreH BapuaHTTapbiHa
ycakTayAblH MHTerpanbapl ynriciH 6ipnece nanganaHbinybiMeH 6annaHbICTbl. AnbIHFaH CbIpbIKTbl yCakTayAblH bIKTUManAblK ynrici 6apnbik
apekeTTeri hakTopnap ecebiHiH apkacbiHAa Taxipnbenik nanganaHy yLiH ganblH XeHe TOMbIK Aen ecenTerniHe anagpl.

TyniHAi ce3pep: bIKTMManAbIK yNri, 3epTTeMe, ycakray, CbipblKTbl AMipMeHAep, Wwapsbl AvipMeHaep, ctepukansik daktop, 6encen-
aipriw dpakTop, caneiCcTbipMansl Tangay.

PE3IOME

Llenb pa6oTbl COCTOUT B 0OTOOPaXKEHUN BEPOATHOCTHON TEOPUEN U3MENBYEHNS MPOLIECCOB B CTEPXKHEBLIX MENbHULIAX C ajantaumen K
3TOMY NPOLIECCY YaCTOTHOTO, KOHLIEHTPALMOHHOIO, CTEPUYECKOTO 1 aKTUBALIMOHHOTO hakTopoB. MNpoBeAEH CpaBHUTENbHbI aHanu3 npo-
Liecca U3MEeNbYEHs! B LAPOBbIX U CTEPXKHEBBLIX MEMNbHMLIAX Ha OCHOBE BEPOSITHOCTHOW MOAENM, B XO[€e YET0 BbIICHEHO, YTO CTEPXKHEBbLIE
MenbHULbI NPeanoyTUTENbHEE UCTIONBb30BaTh AMs M3MeNbieHUs Gonee KpynHbIX dpakumniti. ATo 4OCTUraeTcs 3a CHET NPEUMYLLECTBA B
cTepuyeckom cpaktope. OH s CTEPXKHEBOTO U3MENbYEHNS BO BCEM [ManasoHe pasMepoB 3epeH NpeBOCXOAUT TakoBOW AS1S LAapOBOro
U3MENLYEHNS, BBUAY MEHbLUIEro 3KpaHUPOBaHWS 3ePEH CTEPXKHEM, YEM LIapoM. B To e Bpemsi U akTMBaLMOHHBIN hakTop OTNnYaeTcs
NoAo6HbIM Ke MPEBOCXOACTBOM, MpaBha B HECKOMbKO MEHbLUEN CTEMEHMU, KOTOPbIA OCOBGEHHO CUMBbHO MPOSIBMSIET CeBS ANA KPYMHbIX
dpakumit. CoBMeCcTHOe BO3AENCTBME CTEPUYECKOrO M aKTUBALMOHHOMO hakTopoB NMPMBOAUT K (hOPMMPOBaHUIO MakCMMyMOB B obrnacTtu
MUINITUMETPOBLIX (OPaKLMii. TOT MaKCUMyM CyLLECTBEHHO Bbillle AN CTEPXKHEBOTO U3MENBYEHNS HeXenu Ans waposoro. Beuay atoro
NPOLIECC M3MESIbYEHUS CTEPXKHAMU SIBMSIETCS TEOPETUYECKM ropasfo Goree ahEKTUBHBLIM, YEM LLAPOBOE M3MESbYeHUEe KPYMHbIX (pak-
LMiA, 4TO COOTBETCTBYET MPAKTUYECKN MEHbLUEMY Pacxoay 3MeKTPO3Hepruu. PacyeTbl nokasanu, YTo Npu CTEPKHEBOM M3MeESbYeHUM
pacnpegeneHve pakuumii nonyyaetca 6onee paBHOMEPHbIM, U 3TO TakKe COrMacyeTcsi C NPaKTUYECKUMU JaHHbIMU. [py CTePKHEBOM
U3MENBYEHNN, TaKKe Kak 1 Npy LWapoBoM, hopMUpyeTcs NorapndMUYECKU HopMarnbHOe pacnpeaerneHune dpakumnii No Mepe NpoTekaHus
npouecca, YTo CBA3aHO C e4MHCTBOM NPYMEHUMOCTW MHTErpanbHOM MOAENN U3Mens4YeHns K NoGbiM BapuaHTam nocnefoBaTteribHoi Ae-
CTpyKUuM BeluecTBa. MNonyyeHHas BeposTHOCTHas MOZEeNb CTEPXXHEBOMO M3MeNbYeHNst Gnarofaps y4eTy Bcex AeiCTBYOLLMX (haKTOpPOB
MOXET CYATaTbLCA Hanboree NOJHOW 1 FOTOBOW s MPaKTUYECKOro UCMONb30BaHUs.

KnioyeBble cnoBa: BepoATHOCTHasA MOAENb, pa3paboTka, n3MenbyYeHre, CTepP)KHEBbIE MENbHWLbI, LIAapPOBble MENbHWLbI, CTepUYe-
CKUI (haKTop, aKTUBALMOHHbIV haKTop, CpaBHUTENbHbIN aHanu3
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