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RANS modeling of the transition of a non-isothermal flow of a Newtonian fluid 
to a viscoplastic state in a pipe 

Abstract: A mathematical model of the movement and heat transfer of a turbulent non-isothermal non-Newtonian fluid 
through a pipe wall with a cold surrounding space has been developed and simulated numerically. Fluid turbulence is described in the 

framework of the isotropic two-parameter k–  model. The Newtonian properties of the fluid in the initial cross-sections of the pipe 

transformed gradually into a viscoplastic non-Newtonian Bingham-Schwedoff fluid state due to heat transfer through the pipe wall 
between the heated fluid and a cold environment. The value of its streamwise velocity in the axial zone increased significantly when 
the fluid moved along the pipe. On the contrary, it decreased in the near-wall zone and the height of the region with a zero fluid velocity 
increased. This occurred due to the viscoplastic properties of a non-Newtonian fluid. The height of the region with a zero fluid velocity 
in the pipe increased gradually as the non-Newtonian fluid (waxy crude oil) moved through the pipe. A noticeable increase in the level 
of turbulent kinetic energy in the axial zone of the pipe and its noticeable decrease in its near-wall region were observed. A significant 
increase in the average dynamic viscosity and yield stress in the near-wall part of the pipe was shown. The boundary of the area of 
existence of Newtonian properties of fluid was determined. The height of the region with a zero fluid velocity in the pipe increased 
gradually as waxy crude oil moved through the pipe and reached y/R ≈ 0.1 at x/D = 15. 
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Introduction 
Turbulent non-isothermal flows of non-Newtonian viscoplastic fluids in pipes (Bingham-Schwedoff 

fluid) are of great practical importance (Barnes, 1999), since they are found in many industrial installations 
(various heat exchangers, pipelines, bearings, centrifuges, oil production from deep water, wastewater 
treatment systems, etc.). One example of such a fluid is waxy crude oil. Considering the latest discoveries in 
geological exploration, the value of such oil reserves will only increase in the future. The main difficulties 
associated with transporting such a fluid through pipelines are the strong dependence of viscosity and yield 
shear stress on fluid temperatures due to their content of asphaltenes, paraffins, and resins (see monographs 
by Beisembetov et al., 2016; Tugunov & Novoselov, 1972) and reviews (Aiyejina et al., 2011; Chala et al., 2018; 
Elkatory et al., 2022). Waxy crude oil at high temperatures obeys the laws of a Newtonian fluid, and when its 
temperature decreases, the viscoplastic properties of non-Newtonian fluids appear (Aiyejina et al., 2011; Chala 
et al., 2018; Elkatory et al., 2022). Such oils have a high solidification point (from 285‒303 K), which can be 
higher than the temperature of the surrounding soil environment (Beisembetov et al., 2016; Zhao et al., 2020; 
Ghannam et al., 2012). The flow of waxy oil, which is originally a Newtonian fluid, is cooled by heat transfer 
into a colder environment through the pipe wall. This leads to a change in the rheological and physicochemical 
properties of the oil along the pipe length. The complex rheological properties of such fluids are characterized 
by a sharp increase in viscosity at a decrease in their temperature (Beisembetov et al., 2016; Zhao et al., 2020). 
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Finally, it causes appearance of a critical stress value, it is also known as the yield stress (Barnes, 1999; 
Beisembetov et al., 2016). 

One of the rheological properties of waxy oil is its yield shear stress, which can cause the formation of 
a “stagnant zone”, where the flow velocity is zero (Chala et al., 2018; Beisembetov et al., 2016). This also leads 
to a decrease in the working area of the pipe cross-section (Chala et al., 2018). The formation of a “stagnant 
zone” can lead to two scenarios for the development of the flow of a complex rheological fluid. In the case of 
insufficient kinetic and thermal energy of the flow, the “stagnant zone” blocks the working cross-section of the 
pipeline, the hydraulic resistance increases sharply, and the pipeline section becomes “frozen” (Ghannam et 
al., 2012; Zhao, 2020; Zhapbasbayev et al., 2021; Hussain et al., 2023). If the kinetic and thermal energy of the 
fluid flow is sufficient, then with a decrease in the working cross-section of the pipe, the flow velocity increases, 
and this leads to the dissipation of the kinetic energy of the flow to the thermal energy near the “stagnant 
zone” boundary (Beisembetov et al., 2016). The velocity magnitude increases from the wall to the pipe center 
in this case and the velocity gradient in the region of the boundary between the “stagnant zone” and the flow 
of the Newtonian fluid also increases. This leads to the self-heating of the fluid in this area (the amount of heat 
generated is directly proportional to the square of the velocity gradient (Beisembetov et al., 2016).  Within the 
theoretical limits, the flow enters the regime of a “hydrodynamic thermal explosion” (Bostanjiyan & 
Chernyaeva, 1966). Heat losses along the pipe length decrease due to an increase in the flow velocity and the 
fact that the fluid near the pipe walls serves as a thermal insulator. The area of the “stagnant zone” stabilizes 
in practice (Aiyejina et al., 2011), and the friction along the pipe length decreases (Beisembetov et al., 2016; 
Tugunov & Novoselov et al., 1972).  

The complex rheological properties of a Bingham-Schwedoff (BS) fluid are determined by a nonlinear 
increase in viscosity and yield shear stress with a decrease in its temperature, which leads to the non-
Newtonian state of a waxy crude oil. For laminar flow regimes, many publications have focused on the study 
of heat transfer in such fluids flowing in a pipe (Zhao, 2020; Bostanjiyan & Chernyaeva, 1966) and behind a 
backward-facing step (Danane et al., 2020). Some works have dealt with the study of the turbulent flow of a 
non-Newtonian polymer solution (viscoelastic) (Cruz & Pinho, 2003; Iaccarino et al., 2010; Masoudian et al., 
2016), power law (Gavrilov & Rudyak, 2016), Herschel–Bulkley (Malin, 1997) and BS (Pakhomov & 
Zhapbasbayev, 2021) fluids. These studies used various models of turbulence at different levels: k−ε (Cruz & 
Pinho, 2003; Iaccarino et al., 2010; Malin, 1997; Pakhomov & Zhapbasbayev, 2021), v2–f (Masoudian et al., 
2016; Gavrilov & Rudyak, 2016) and k–ω SST (Lovato, et al., 2022). The complexity of the numerical modeling 
of such flows connected to the developed turbulence models can hardly be verified directly using the 
experimental benchmark. It should be noted that the level of turbulence anisotropy of a non-Newtonian fluid 
is higher than that of a Newtonian fluid (Masoudian et al., 2016; Sahu et al., 2007). A few large eddy simulation 
(LES) (Gnambode et al., 2015; Amani et al., 2023) and direct numerical simulation (DNS) (Gavrilov & Rudyak, 
2017; Singh et al., 2017) studies have been carried out to study visco- and pseudo-plastic turbulent fluids in 
the last two decades. Data were obtained on the mean streamwise velocity, distributions of the components 
of the Reynolds stress tensor, wall friction, balance of shear stresses, and the turbulent kinetic energy for a 
steady turbulent flow with Reynolds numbers in the range Re = 5000–20000. Heat transfer in such flows has 
not yet been considered in the literature, and only one recent work has been found (Gnambode et al., 2015). 
The DNS and Reynolds-averaged Navier–Stokes (RANS) studies of fluid flow and heat transfer for a non-
Newtonian turbulent liquid polymer were carried out in this paper. The time mean statistics of temperature 
fluctuations, turbulent heat flux, thermal turbulent diffusivity, and budget in terms of the temperature 
variance were predicted and compared with those of the Newtonian fluid.  

The study of mixing and linear instability of miscible and immiscible Newtonian and non-Newtonian 
fluids has great importance due to the relevance in chemical industry and waxy crude oil transportation 
through the pipelines (Usha & Sahu, 2019). 

It should be noted that the results of numerical studies of the flow turbulent structure and heat 
transfer in the process of transition of the Newtonian turbulent BS fluid (waxy crude oil) in pipes to the non-
Newtonian viscoplastic fluid has not yet been presented in the literature, except our recent paper (Pakhomov 
& Zhapbasbayev, 2021). The aim of the present paper is to investigate the flow and heat transfer in a turbulent 
hydrodynamically steady-state incompressible non-Newtonian fluid flowing through a pipe. This study may be 
of interest to scientists and research engineers dealing with the design and transport of waxy crude oils in 
pipelines. This present book chapter is an extended form of previously published article in the following journal 
Case Studies Thermal Engineering (Pakhomov & Zhapbasbayev, 2021). 
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Mathematical model 
Physical Model of a Non-Newtonian Viscoplastic (Bingham-Schwedoff) Fluid 
A schematic view of the flow configuration is shown in Fig. 1. A non-isothermal viscoplastic non-

Newtonian fluid (waxy crude oil) flow along an underground pipe with an inner diameter (I.D.) D = 2R = 0.2 m, 
length L = 3 m, and depth to pipe axis H = 2 m. The mean-mass velocity of the liquid flow at the pipe inlet was 
Um1 = 0.2 m/s and its initial temperature T1 = 298 K. The ambient temperature (soil) was TSoil = 273–298 K. The 
pipe material was stainless steel and the pipe wall thickness δ = 2 mm. It was assumed that the temperature 
of the pipe wall from its outer side was equal to the soil temperature TW2 = TSoil. The temperature of soil was a 
constant value. The density of fluid flow in the inlet cross-section ρ1 = 835 kg/m3. The Reynolds number of the 
flow, determined from the flow parameters at the inlet (for a Newtonian fluid) Re = Um1D1/νW1 = 8200.  

A few problems regarding the development of a mathematical model of any non-Newtonian turbulent 
fluid based on Reynolds-averaged equations (RANS) have to be solved (Gavrilov & Rudyak, 2016): 1) a model 
for the averaged effective dynamics viscosity coefficient should be developed; 2) a closure for correlations of 
the viscosity pulsation with the strain rate tensor, which does not appear for a Newtonian turbulent fluid 
should be constructed; 3) a non-Newtonian turbulent diffusion term should be determined; and 4) a 
contribution of viscosity fluctuations to the equation for the transport of the dissipation rate ε should be 
considered. 

Fig. 1. Schematic of the flow configuration 

Rheological Properties of a Non-Newtonian Fluid 
In a non-Newtonian viscoplastic state, the effective molecular viscosity μeff can be modeled using the 

linear Bingham-Schwedoff rheological fluid model (De Kee, 2021). The effective molecular viscosity μeff of a 
fluid has the form (Bingham, 1922; Wilkinson, 1960; Klimov, et al., 2005): 
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where τ0 > 0 is the yield shear stress, and μP is the plastic viscosity, τ = μeffS is the shear stress tensor, 

and 2 ij ijS S S  is the strain rate tensor for instantaneous turbulent quantities and 
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is the second invariant of the strain rate tensor. For a Newtonian fluid, the yield shear stress τ0 = 0 and the 
effective viscosity are constant and equal to the molecular viscosity of the corresponding fluid. The Bingham-
Schwedoff model is a simple viscoplastic fluid model that linearly relates the yield shear stress to the viscosity 
(Bingham, 1922; Wilkinson, 1960; Klimov, et al., 2005). 

The main difficulty in the numerical modeling of viscoplastic flows, including a turbulent regime, with 
the help of expression (1), is associated with the existence of a singular molecular viscosity in regions where 
the shear stress is less than τ0. This difficulty is overcome by using various improvements of the basic 
rheological model (Bingham, 1922; Wilkinson, 1960; Klimov, et al., 2005). The approach of (Papanastasiou, 
1987) was used in this work, where the effective viscosity was approximated by the following smooth function. 
It limits the value of effective viscosity as the shear rate tends to zero τ → 0: 
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The effective viscosity coefficient for a turbulent flow is the sum of the averaged coefficients of 
molecular viscosity μ and turbulent viscosity μT, similar to those of a Newtonian fluid (Iaccarino et al., 2010; 
Masoudian et al., 2016; Gavrilov & Rudyak, 2016; Pakhomov & Zhapbasbayev, 2021). The expression for the 
coefficient of the averaged dynamic viscosity of the turbulent non-Newtonian fluid considering (1), has the 
form: 

1

0eff

T

eff T p T     


    S .  (3) 

The averaged turbulent viscosity of the non-Newtonian fluid μT in Eq. (3) was determined in accordance 
with the turbulence model (Hwang & Lin, 1998) considering the appearance of the non-Newtonian behavior 
of the fluid using Eqs. (12–14) (see below). The viscosity of the non-Newtonian fluid in turbulent flows depends 
not only on the average turbulent velocity of the flow, but also on fluctuations of the shear rate tensor 
(Iaccarino et al., 2010; Masoudian et al., 2016; Gavrilov & Rudyak, 2016; Pakhomov & Zhapbasbayev, 2021). 
The instantaneous value of dynamic viscosity is represented as a sum of the averaged and pulsation 

components:  ˆ '     . The expression for the mean shear rate in the non-Newtonian fluid has the 

following form and consists of two terms (Iaccarino et al., 2010; Masoudian et al., 2016; Gavrilov & Rudyak, 
2016; Pakhomov & Zhapbasbayev, 2021): 

2 ' '2 2 2
ij ijij ij ij ijS S S S S S     S .  (4) 

The variables in triangular brackets  in Eq. (4) represent averaging, and the superscript (prime) 

refers to the fluctuation characteristics. The first term is determined by the gradients of the average flow 
velocity. The second one defines the averaged pulsation shear rate, and it is determined by the approach of 
(Gavrilov & Rudyak, 2016). 

' '2
ij ij

S S   .  (5) 

Then, the expression for the averaged shear rate (4) considering (5), based on the averaged viscosity 
model (Gavrilov & Rudyak, 2016), can be written as: 

 
2

2 /ijS   S .                (6) 

The average effective molecular viscosity of the non-Newtonian turbulent fluid is related to the 
average shear rate by an expression similar to that used for defining for instantaneous turbulent quantities (1), 
i.e.:

1

0 Seff p  


   .  (7) 

Thus, the value of the average molecular viscosity of the turbulent Bingham-Schwedoff fluid can be 
predicted using Eqs. (6) and (7) and an iterative process. To determine the parameters of the current iteration 
when calculating the average strain rate, the effective viscosity was taken from the previous iteration: 

 
2, 1

2 /
ll ll

ijS  


 S . The value of effective viscosity was then predicted on the new iteration 

layer: 
1
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l
l l l

P  


   S  and the process was repeated (Gavrilov & Rudyak, 2016). 

The Governing Equations for a Non-Newtonian Non-Isothermal Turbulent Fluid 
The governing equations are given in symbols of vector analysis operations, although they are solved 

for an axisymmetric flow in cylindrical coordinates. The set of steady-state axisymmetric RANS equations of 
continuity, momentum in axial and radial directions, and the energy of a turbulent incompressible generalized 
Newtonian fluid has the form: 
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Here, , , λ, and CP are the density, dynamic viscosity coefficient, thermal conductivity coefficient, and 

heat capacity of the fluid, respectively;  ,  x ru uU  is the velocity vector, (ux = U, ur = V) are the fluid velocity 

components in the axial (x) and radial (r) directions, respectively; P is the mean pressure; i ju u  and ju t

are the Reynolds stress and turbulent heat flux. The last terms in the equations of motion and energy of system 
(8) consider the effects of heat release during viscous dissipation of kinetic energy in a non-Newtonian fluid 
(Beisembetov et al., 2016) and have the form (Beisembetov et al., 2016). The turbulent Reynolds stress 

/ / u u  and turbulent heat flux //tCp u  were written according to Boussinesq hypothesis. The 

expression /
S

/2 eff  in equation (8) is found according to representation of (Gavrilov & Rudyak, 2016). 

In contrast to the RANS equations for a Newtonian fluid, the system of Eq. (8) contains additional terms 
representing the effect of the non-Newtonian behavior of the turbulent non-isothermal fluid. The fourth term 
on the right-hand side of the momentum equation describes the energy consumption of motion of a non-
Newtonian fluid associated with an increase in viscosity and yield shear stress with a decrease in its 
temperature (Beisembetov et al., 2016). The second term on the right-hand side of the energy equation 
considers the heat release during the viscous dissipation of energy in a non-Newtonian fluid (Beisembetov et 
al., 2016).  

It should be noted that all equations of set (9) were numerically solved in the form appropriate to an 
axisymmetric flow, but for brevity, they are given below in general Cartesian tensor form. 

The Reynolds stress i ju u in the fluid phase was determined using the Boussinesq hypothesis: 
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,     (10) 

where δij = 1 at i = j, and δij = 0 at i ≠ j. 
To build the mathematical model of the viscoplastic non-Newtonian fluid, it is necessary to establish a 

correlation between the deviators of the stress tensor and the strain rate tensor [35,36,39]:  
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The turbulent heat flux in the non-Newtonian fluid was obtained according to the Boussinesq 
hypothesis, which have the form: 

Pr

T
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T
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Here, PrT is the turbulent Prandtl number. It was determined in accordance with (Kays, 1994),  where 
it was shown that for the range of variation of the molecular Prandtl number Pr = 1–100, the turbulent Prandtl 

number was Pr 0.85 0.7 / PeT T  , where  Pe Pr /T T  . 

The Two-Equation Turbulence Model 
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The system of equations of the turbulence model (Matvienko, 2011) resembles the equation system 
for a Newtonian fluid. The influence of non-Newtonian characteristics in the turbulence model was considered 
by the tensor of averaged shear rate. The averaged dynamic viscosity of a fluid depends not only on the 

https://link.springer.com/article/10.1007/s10891-011-0509-5#auth-O__V_-Matvienko
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averaged, but also on the pulsation parameters of the turbulent non-Newtonian flow (Gavrilov & Rudyak, 
2016). 

Here k is the turbulent kinetic energy,   is the rate of its dissipation, and T is the turbulent dynamic 

viscosity. The constants and damping functions in models (13)−(15) have the form [40]: C = 0.09; 

 1.4 1.1exp 0.1k y      ;  1.3 exp 0.1y       ; C1 = 1.44; C2 = 1.92; f1 = f2 = 1;

 31 exp 0.01 0.008f y y      ; / /y y k    is the Taylor micro-scale; 
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is the turbulence production from the average motion; 
W     is the full dissipation of gas turbulence 

energy; 
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 is the value of TKE dissipation in the near-wall zone, and   is the instantaneous 

value of dynamic viscosity of the non-Newtonian fluid (Gavrilov & Rudyak, 2016). 

The Effect of Temperature on a Non-Newtonian Fluid 
The non-isothermal fluid (waxy crude oil) has the properties of a Newtonian fluid (Beisembetov et al., 

2016) at the pipe inlet. As a result of heat transfer with the surrounding cold medium through the pipe wall 
and a decrease in the flow temperature in its near-wall part, the effective viscosity increases, and yield shear 
stress appears. In a waxy crude oil this leads to the appearance of a non-Newtonian state. A decrease in the 
temperature of fluid can cause crystallization of the wax, and the release of the heat of the phase transition 
(Beisembetov et al., 2016; Zhao, 2020; Zhapbasbayev et al., 2021). The total amount of latent heat ∆H is 
defined by the form (Voller & Prakash, 1987): 
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where CS, CL, and  1 2( ) /
L
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Int L L S

t

C C t dt H t t 

  
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  
  are the thermal conductivity of wax in solid, 

liquid, and transition states, tL and tS are the initial and final values of the temperature of wax formation in the 
oil flow, χ is the wax fraction in the oil, H1→2 is the specific enthalpy of the wax phase transition (Beisembetov 
et al., 2016). In Eq. (16): tL = 32 0C, tS = 22 0C, H1→2 = 41.03 [kJ/kg], χ = 0.15.  

The heat capacity CL, plastic viscosity μP, yield shear stress τ0, density ρ, and thermal conductivity λ of 
waxy crude oil as a function of temperature are described by empirical formulas of (Beisembetov et al., 2016): 

  20( ) 53357 107.2 /LC t t    , [J/(kgС)] 

 ( ) 0.3585 exp 0.1792P t t     , [Pas] 

   0 589.56 exp 0.567t t     , [Pa] 

    205.057 1 0.00054 /t t     , [W/(mС)] 

  tt  201)( 20  , [kg/m3], 

where ρ20 = 835 kg/m3 is the fluid density at 200С and  0.000738, [1/0С] is the coefficient of 

volumetric expansion. Table 1 presents the yield shear stress τ0, and plastic viscosity μP vs fluid vs their 
temperature. 

Table 1. The dependence of yield shear stress, and plastic viscosity of non-Newtonian fluid 

t, 0С T, K τ0, Pa μP, Pas 

0 273 589.6 0.3585 

5 278 34.62044 0.14634 

10 283 2.03286 0.05974 
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15 288 0.11937 0.02438 

20 293 0.00701 0.00995 

25 298 4.1156E-4 0.00406 

30 303 2.41662E-5 0.00166 

Boundary Conditions 
No-slip conditions are set on the wall surface for the velocity and the condition of heat transfer with 

the environment medium is set for the temperature of the wall: 

r = R = D/2: 0U V k      and  1 
 

   
 

W m W

W

T
T T

r
,   (17) 

where r is the radial distance from the pipe axis, λW is the coefficient of thermal conductivity of the 
liquid determined from the wall temperature, h is the heat transfer coefficient from the oil flow in the pipe to 

the colder environment through the wall, 
/2

2

1 0

8
( ) ( )

D

m

m

T T r U r rdr
U D

   is the mean-mass temperature of the 

liquid in the considered cross-section, and the lower subscript “W” is the parameter determined according to 
the conditions on the pipe wall. The value of the heat transfer coefficient h from the fluid to the soil through 
pipe surface is determined by the formula (Beisembetov et al., 2016; Zhapbasbayev et al., 2021): 

1

11 2 2

1 1 1 1
ln

2  




   i

i i i

D

hD D D D
  (18) 

α1 and α2 are the “internal” and “external” heat transfer coefficients, D1 and Di are the inner and outer 
diameter of the pipe, and λi is the thermal conductivity of the pipe wall (stainless steel). The heat transfer 
coefficient α1 is determined by considering the Fourier hypothesis for the heat flux: 

 
1

1

/W W

m W

T y D

T T




  



 ,  (19) 

The heat transfer coefficient α2 is determined using the formula (Beisembetov et al., 2016): 

2
2

2

2 2
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2 2
ln 1
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
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 
 
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  
 

,  20) 

where λSoil is the thermal conductivity of the soil, and H is the depth of the pipe axis. The symmetry 
conditions are set on the pipe axis for all variables. 

r = 0: 0
U V T k

r r r r r

    
    

    
.  (21) 

In the inlet section (x = 0), uniform distributions of velocity and temperature were specified over the 
cross-section of the pipe. At the outlet edge (x = L), the computational domain condition was set for all 
variables.  

Thus, the system of equations (1)(16) with the corresponding input and boundary conditions 

(17)(21) is a closed system of equations that describes the processes of turbulent heat transfer in a waxy 
crude oil flow and allows the prediction of all the required quantities. 

Numerical solution 
The mean transport equations and the turbulence model were solved using a control volume method 

on a staggered grid. The QUICK scheme was used to approximate the convective terms, and the second-order 
accurate central difference scheme was adopted for the diffusion terms. The velocity correction was used to 
satisfy the continuity through the SIMPLEC algorithm, which couples the velocity and pressure.  

All numerical simulations are performed using the “in-house” code. A non-uniform grid (in both axial 
and radial directions) was used and a grid refinement was applied in the inlet and the near-wall regions. The 

first cell was located at a distance in wall units y+ = yU*/ = 0.3–0.5 from the wall, where U* is the friction 

velocity obtained for the flow in the inlet pipe, and  is the kinematic viscosity. At least 10 control volumes 
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(CV) must be generated to resolve the mean velocity field and turbulence quantities in the viscosity-affected 
near-wall region (y+ < 10). Grid sensitivity studies are commonly carried out to determine the optimum grid 
resolution that gives a mesh-independent solution. For all numerical investigations performed in this study, a 

basic grid with 100080 CV along the axial and radial directions was used. The part of the basic grid is given in 

the Fig. 2a. Grid convergence was verified for three grid sizes: coarse 75050 and fine 1500120 CV. The 
computational domain consisted of two sections and the length of each section is 10 m (x/D = 50). The 
conditions in the outlet of the first section were as the inlet conditions for the second one. Grid convergence 

is verified for three grid sizes is used for the “in-house” code: coarse 50040, basic 100080 and fine 1500120 
CV control volumes (see Fig. 2b).  

Differences in the value of TKE predicted for the non-Newtonian fluid flow is less than 0.1%. The 

maximum error emax is defined as: 1 6

max
1, 

max 10 


 n n

i i
i N

k ke , where N is the total number of CVs in 

corresponding direction, the subscript i is the specific CV, and the superscript n is the iteration level. The 
computational grid is nonuniform both in the streamwise and transverse directions. The coordinate 
transformation is suitable for such a two-dimensional problem: 

Δψj = K×Δψj-1, 
where Δψj and Δψj-1 are the current and previous steps of the grid in the axial or radial directions and 

K = 1.08 (axial direction) and K = 1.05 (radial direction).  

а  b 

Fig. 2. Basic mesh grid (not in scale) (a) and grid convergence test (b) of “in-house” numerical code 

Numerical results and discussion 
A non-isothermal viscoplastic non-Newtonian fluid (waxy crude oil) flow along an underground pipe 

with an I.D. D = 2R = 0.2 m, length L = 20 m (x/D = 100), and depth to pipe axis H = 2 m. The mean axial velocity 
and temperature profiles were uniform at the pipe inlet. All simulations were carried out in the region of 
hydrodynamic and thermal stabilization in a steady-state fluid flow in the pipe. Waxy crude oil in the inlet 
cross-section is considered as a Newtonian fluid. As fluid moves, the process of heat transfer through the pipe 
wall to the surround cold environment (soil) starts, and therefore the oil temperature is decreased. This leads 
to a sharp increase in viscosity and yield shear stress by decreasing of the fluid temperature. The velocity 
distribution will change both along the pipe length and along its cross-section 

The profiles of dimensionless mean axial velocity U/Um1 (a), kinetic energy of turbulence k/k1 (b), 

temperature 
1 1 1( ) / ( )  W WT T T T (c), average dynamic viscosity μeff/(μT+μ) (d), and yield shear stress 

τ0/τ0,1 (e) are shown in Fig. 3. Here, y = R–r is the distance from the wall, R is the pipe radius, r is the radial 
distance from the pipe axis, μ represents the molecular viscosity of a Newtonian fluid (waxy oil), and τ0,1 is the 
yield shear stress at T = 293 K. The profiles of all parameters considered were uniform at the pipeline inlet (line 
1). 

The inlet profile of the mean longitudinal velocity component was significantly deformed due to the 
process of heat transfer of the fluid with the soil environment through the pipe wall (see Fig. 3a). The value of 
the axial velocity was zero and it increased and reaches its maximum value in the axial region on the pipe wall. 
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The values of the longitudinal velocity in the axial zone increased as the fluid moved along the pipe length. On 
the contrary, it decreased in the near-wall zone. The value of the mean axial fluid velocity in the axial region 
of the pipe increased by more than 1.6 times in comparison with the inlet velocity. The transverse profiles of 
fluid turbulence also underwent significant changes as the fluid moved along the pipe length (see Fig. 3b). An 
increase in the level of turbulent kinetic energy in the axial zone of the pipe (by more than 1.5 times) and its 
noticeable decrease in its near-wall region were observed, which was associated with the corresponding 
changes in the profile of the mean longitudinal velocity (see Fig. 3a). Fluid turbulence is determined by the 
known relationship for an axisymmetric flow: 

'2 '2 '2 '2 '22 2k u v w u v     . 

It should be noted that the use of an isotropic two-parameter k–  model (Rudman & Blackburn, 2006), 
written with partial consideration of the rheological properties of a non-Newtonian fluid, has limitations when 
simulating turbulent non-Newtonian flows. This is explained by the significant anisotropy of the components 
of the Reynolds stress tensor in non-Newtonian flows (Masoudian et al., 2020; Gavrilov & Rudyak, 2016). 
Therefore, this approach is the first step towards to describing the fluid flow and heat transfer in turbulent 
non-Newtonian flows.  

The flow of waxy crude oil was originally a Newtonian fluid at the pipe inlet. Then, it cooled via heat 
transfer with the soil environment through the pipe wall. The decrease in the temperature of the fluid (see Fig. 
3c) led to a change in its rheological and physicochemical properties and viscoplastic properties began to 
appear (De Kee, 2021; Bingham, 1922; Wilkinson, 1960; Klimov, et al., 2005). Therefore, with a decrease in the 
fluid temperature in the near-wall zone during heat transfer with the wall, the values of the average dynamic 
viscosity coefficient μeff = μP+μT+μ (see Fig. 1c) and the yield stress τ0 (see Fig. 3d) increased significantly.  

а  b 

c  d 
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e 

Fig. 3. Radial profiles of dimensionless distributions of mean axial velocity (a), turbulent kinetic energy (b), temperature 
(c), averaged effective dynamic viscosity (d), and yield shear stress (e). D = 0.2 m, Um1 = 0.2 m/s T1 = 298 K, TSoil = 273 K 

These two figures give clear information about the effect of non-Newtonian (viscoplastic) behavior on 
the fluid flow. It is known (Chala et al., 2018; Elkatory et al., 2022; Zhao, 2020) that at temperature T ≤ 293 K, 
the yield shear stress τ0 appears in the near-wall zone (see Fig. 3d), and this also leads to the velocity 
deceleration of the turbulent non-Newtonian fluid. It is obvious that with a decrease in the flow through the 
cross-section of the pipe with a constant mass flow rate of fluid along the pipe length, the axial velocity should 
increase, which is observed in Fig. 3a. The size of the near-wall section with a lower temperature increased 
towards the pipe axis and through the movement of fluid along the pipe length. This led to an increase in the 
average dynamic viscosity of the waxy crude oil and the yield shear stress. 

The radial profiles of temperature, and the average dynamic viscosity along the pipe length show that 
waxy crude oil had the properties of a Newtonian fluid over the cross-section of the pipe in the temperature 
range T ≥ 293 K, while in the temperature range T < 293 K, it had the properties of a viscoplastic (non-
Newtonian) fluid. This is in qualitative agreement with the data of numerical calculations for the laminar flow 
of non-Newtonian fluids in a pipe (Zhao, 2020). Therefore, it seems important to determine the boundaries of 
existence of the Newtonian properties of a turbulent non-isothermal flow of waxy oil. 

The results of numerical predictions on the effects of the surrounding environment’s temperature TSsoil 
on the distributions of dimensionless mean axial velocity (a), kinetic energy of turbulence (b), coefficient of 
average dynamic viscosity (c), yield shear stress (d), and Reynolds stresses (e) over the pipe cross-section are 
presented in Fig. 4. The viscoplastic properties in distributions of the mean longitudinal velocity, turbulent 
kinetic energy, average viscosity, and yield shear stress, characteristic of the Bingham-Schwedoff fluid, were 
most clearly revealed at ambient temperature TSoil = 273 K (1). The fluid flow characteristics at TSoil = 298 K (3) 
fully agree with simulations for the Newtonian fluid with other conditions being identical. The profiles of the 
axial velocity had a form characteristic of the flow in the section of hydrodynamic stabilization (see Fig. 4a). 
The fluid turbulence had a characteristic maximum located in the near-wall region of the pipe (see Fig. 4b). 
The dynamic viscosity did not differ from the viscosity of a turbulent flow of a Newtonian fluid (see Fig. 4c). 
The yield shear stress was completely absent (see Fig. 4d). The prediction at TSoil = 288 K (2) was characterized 
by the fact that the viscoplastic properties of the fluid were already beginning to appear. 

The dimensionless Reynolds stresses 
2

*/uv uv u

  in the fluid are shown in Fig. 4e with varying 

temperatures of the surrounding soil, where u* is the wall friction velocity for a Newtonian fluid. Reynolds 

stress for the axisymmetric flow were calculated by the relationship
2

3
 

 
       
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decrease in the temperature of the surrounding soil had a noticeable effect on the level of Reynolds stress. 
The Reynolds stress in the flow of the non-Newtonian fluid (2 and 3) were noticeably higher than the 
corresponding value for a Newtonian fluid (1), with all other conditions being identical. In the near-wall and 
axial parts of the pipe, the Reynolds stress were equal to zero, since in these parts of the pipe the velocity 
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gradient and the level of turbulent kinetic energy were equal to zero (see Figs. 3a and 3b). The maximum 
Reynolds stress occurred in the near-wall part of the pipe for the whole investigated temperature range and 
there was a shift in the position of the maximum towards the pipe axis with a decrease in the temperature of 
the fluid. For example, for a Newtonian fluid at TSoil = 298 K, the position of maximum was at a distance y/R ≈ 
0.1, while for TSoil = 273 K the coordinate y/R ≈ 0.2. This was explained by an increase in the thickness of the 
near-wall layer with the appearance of yield stresses. 

Changes in the position of the points of mean axial flow velocity U = 0 (1), velocity U = Um1 (2), and 
liquid temperature T = 293 K (3) and 298 K (4) along the pipe length are shown in Fig. 5. The solid lines (1 and 
2) refer to the axial mean velocities of the fluid and the dashed lines (3 and 4) refer to the temperatures. The
value of longitudinal velocity of fluid on the pipe wall was always zero, but in this case, line 1 in Fig. 5 shows 
the upper boundary of existence of the zone with a zero fluid flow velocity from the pipe wall. The height of 
the region with a zero fluid velocity in the pipe increased gradually as the waxy crude oil moved along the pipe 
length and reached y/R ≈ 0.55 at x/D = 100 (x = 20 m). The position of the point where the fluid velocity was 
equal to the velocity in the inlet cross-section U = Um1 (2) shifted gradually towards the pipe axis and y/R ≈ 0.9 
at x/D = 100. This was related to an increase in the fluid velocity in the flow core due to flow deceleration in 
the near-wall part of the pipe. It should be noted that the value of maximum fluid velocity in the axial region 
of the pipe increased significantly, while in its near-wall part it decreased due to flow cooling (see Fig. 5a).  

The height of the region with the fluid temperature T = 293 K (3) shifted towards the pipe axis as it 
moved along the pipe length and reached y/R ≈ 1 at x/D = 100. In terms of its physical implications, this was 
the upper boundary of the area of existence of the non-Newtonian fluid behavior. The yield shear stress in 

waxy crude oil (Bingham-Schwedoff viscoplastic non-Newtonian fluid) appears at t = 20C and this value of 
temperature is a threshold for yielded and unyielded regions. In the region with temperature T = 298 K (4), this 
region also shifted towards the pipe axis and y/R = 1 at x/D > 50. This confirms the data of our numerical 
predictions, shown in Fig. 3, on the significant effect of fluid temperature on the processes of turbulent 
transport of momentum and heat in a non-Newtonian Bingham-Schwedoff fluid.    

а  b 

c  d 
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Fig. 4. The dimensionless mean axial velocity (a), turbulent kinetic energy (b), average effective dynamic viscosity (c), 
yield shear stress (d), and Reynolds stress (e) plotted for different soil temperatures. x/D = 15, x = 3 m 

Fig. 5. The distributions along the pipe length of mean axial velocity of the flow equal U = 0 (1), mean axial velocity of 
the flow equal U = Um1 (2), and temperatures equal T = 293 K (3) и T = 298 K (4). T1 = 298 K, TSoil = 273 K 

The contour plots of the mean axial velocity (a), temperature (b), kinetic energy (c), and average 
effective dynamic viscosity (d) in the are given in the Fig. 6. These contours clearly show the main features of 
turbulent motion and heat transfer in the turbulent non-isothermal non-Newtonian fluid and they confirm the 
main conclusions in the abovementioned Figures 3‒5. There is no flow motion in the “bottom” direction from 
the line U/Um1 = 0 and the flow accseleration is obtained in the “upper” direction from the line U/Um1 = 1  (see 
Fig. 6a). The behavior of the Newtonian fluid is observed in the “upper” zone from the line T = 298 K, and the 
line T = 293 K is the lower bundary for the existence of the yeld shear stress (see Fig. 6b). In the “upper” 
direction from the line k/k1 = 1 is predicted the additional turbulence production due to the flow accseleration 
(see Fig. 6c). The line of average effective dynamic viscosity µeff/(µT+µ1) = 1 is the “lower” boundary for the 
existence of the properties of the Newtonian fluid (see Fig. 6d). 

a 
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b 
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d 
Fig. 6. Contours plots of mean axial velocity U/Um1 (a), mean temperature T, K (b), turbulent kinetic energy k/k1 (c), 

and average effective dynamic viscosity µeff/(µT +µ1) (d). The transverse height of the plots is not in the scale.   
Um1 = 0.2 m/s, T1 = 298 K. TSoil = 273 K, Re = 8200 

Comparison with results of other authors for laminar and turbulent non-newtonian fluids 
Turbulent Isothermal Non-Newtonian Flow 
Fig. 7 shows a comparison of DNS data (Singh et al., 2017) and RANS predictions by the author for the 

distributions of dimensionless axial velocity */U U u   (a) and kinetic energy of turbulence 
2

*/k k u   (b) in 

universal wall coordinates  * */ /W Wy u y u R r        for a Newtonian fluid (1 and 3) and for a 

turbulent Bingham-Schwedoff fluid (2 and 4). Here, R is the pipe radius and r is the current radial coordinate. 
The solid points represent the DNS data (Singh et al., 2017) and the lines are the author’ predictions. The 
logarithmic velocity profile is also shown in Fig. 7a. 

In the viscous (y+ <5) and buffer (5 < y+ < 30) areas, the simulations for a turbulent Newtonian and the 
non-Newtonian fluids gave almost the same values and there was a good quantitative agreement with the 
data of (Singh et al., 2017) (see Fig. 7a). It could be concluded that a change in the yield shear stress was not 
observed within the viscous sublayer and the difference between non- and Newtonian fluids was minimal. 
According to the distributions of axial velocities, an excess was noted according to the RANS computations (up 
to 10%) in comparison with the DNS data in the logarithmic layer (30 < y+ < 200). In the logarithmic layer (lines 
2 and 4), this difference did not exceed 10%, and the author’s velocity profile was similar to that of a Newtonian 
fluid. 

Distributions of turbulent kinetic energy predicted by the author also agreed satisfactorily with the 
DNS data (Singh et al., 2017) in the viscous sublayer and in the logarithmic region (the difference did not exceed 
15%) (see Fig. 9b). Here NF and NNF are the Newtonian and non-Newtonian fluids respectively. As well as for 
DNS, in the logarithmic layer at y+ = 10–55, an additional generation of turbulence in the Bingham-Schwedoff 
fluid was shown as a comparison to the Newtonian fluid (an excess of up to 10%). Whereas, for y+ > 100, the 
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results of DNS results showed the opposite: an insignificant suppression of turbulent kinetic energy (no more 
than 5–7%), which was not predicted by the author’s RANS model. The authors of (Singh et al., 2017) explained 
this by a change in the ratio between longitudinal and transverse pulsations. The position of the peak in the 
turbulence level according to the RANS data was shifted towards the pipe axis (by 20%) in comparison with 
the DNS data (Singh et al., 2017) for both types of investigated fluids. The position of TKE maximum by DNS 
was y+ ≈ 16, and according to RANS computations, it was y+ ≈ 20. 

а                                                                             б 
Fig. 7. The mean axial flow velocity (a), and turbulence (b) plotted in wall coordinates for turbulent Newtonian (1 and 3), 

and BS (2 and 4) fluids respectively. Points are DNS of (Singh et al., 2017), curves are author' RANS simulations. Re = 
1.1×104, Reτ = 323, Um1/u* = 16.24, τ0/τW = 1.1 

Comparison of DNS (Singh et al., 2017) and our RANS calculations for dimensionless distributions of 
axial velocity pulsations (a) and pulsation (b) for Newtonian fluid (lines 1 and 3) and for Bingham-Schwedoff 
turbulent fluid (2‒6) is shown in Fig. 8. In Fig. 8 points are DNS (Singh et al., 2017), lines are RANS calculation 

of authors using k‒  model [36], Re = Um1D1/νW1 = 1.3×104, Reτ = u*R1/νW = 323. Lines 1 and 3 are Newtonian 
fluid; curves 2 and 4 are non-Newtonian fluid τ0/τW = 1.1; lines 3 and 6 are non-Newtonian fluid at τ0/τW = 1.2. 
The axial (see Fig. 8a) and the radial (see Fig. 8b) velocity pulsation profiles show differences with the DNS 
(Singh et al., 2017). The axial and radial components of the Reynolds stresses are typically determined in the 

isotropic k‒  model: ' ' 2 / 3u v k  . The axial averaged velocity profile along the tube cross section is 
qualitatively similar to the one for a Newtonian fluid. This is characteristic both for the DNS (Singh et al., 2017) 

and for our RANS calculations. However, the isotropic k‒  model (Matvienko et al., 2011) does not even 
qualitatively describe the complex distribution of velocity pulsations over the pipe cross section and significant 
anisotropy of axial and radial velocity pulsations of BS fluid. This is especially noticeable in the profiles of the 
radial velocity pulsations (see Fig. 8b).  

 a)  b) 

Fig. 8. Comparison of the results of RANS calculations of axial 
' '

*/ u u u  (a) and radial ' '

*/ v v u  (b) velocities 

fluctuations. Points 1–3 are the DNS (Singh et al., 2017), lines 4–6 are authors’ simulations; 1 and 5 are the Newtonian 
fluid; 2 and 4 are the non-Newtonian fluid τ0/τW = 1.1; 3 and 6 are the non-Newtonian BS fluid τ0/τW = 1.2 

https://link.springer.com/article/10.1007/s10891-011-0509-5#auth-O__V_-Matvienko
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Conclusions 
A numerical model for the simulation of the turbulent fluid flow and heat transfer of a non-Newtonian 

Bingham-Schwedoff fluid has been developed. The mathematical model is based on a RANS approach with 
considerations of the non-Newtonian behavior of the fluid. Fluid turbulence was described using the isotropic 

two-parameter k–  model. 
The Newtonian properties of fluid in the initial cross-sections of the pipe transformed gradually into a 

viscoplastic non-Newtonian fluid state due to heat transfer between the heated fluid in the pipe with a cold 
environment through the pipe wall. The value of axial velocity in the axial zone increased (up to 1.6 times in 
comparison with the velocity profile at the inlet), while in the near-wall zone, on the contrary, it decreased, 
and the height of the region with zero fluid velocity increased. A significant increase in the level of turbulent 
kinetic energy in the axial zone of the pipe (by more than 1.5 times) was noticed alongside its decrease in the 
near-wall region. The boundary of the area of existence of Newtonian properties of fluid was determined. It 
was found that the height of a region with fluid temperature T ≥ 293 K decreased along the pipe length and it 
was y/R ≈ 0.6 at x/D = 15. A significant increase in the average dynamic viscosity and yield stress in the near-
wall part of the pipe was shown.  

The characteristics of a turbulent isothermal Bingham-Schwedoff fluid within a viscous sublayer almost 
did not differ from the main Newtonian fluid regularities. In the logarithmic layer, the velocity profile for the 
non-Newtonian fluid had a form qualitatively similar to that of the Newtonian fluid. An excess of the axial 
velocity was characteristic for both types of non-Newtonian fluids with a logarithmic profile. 
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